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A Connes-amenable, dual Banach algebra
need not have
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Abstract
Let G be a locally compact group, and let WAP(G) denote the space of weakly
almost periodic functions on G. We show that, if G is a [SIN]-group, but not compact,
then the dual Banach algebra WAP(G)∗ does not have a normal, virtual diagonal.
Consequently, whenever G is an amenable, non-compact [SIN]-group, WAP(G)∗ is
an example of a Connes-amenable, dual Banach algebra without a normal, virtual
diagonal. On the other hand, there are amenable, non-compact, locally compact
groups G such that WAP(G)∗ does have a normal, virtual diagonal.
Keywords : locally compact groups; Connes-amenability; normal, virtual diagonals; weakly almost
periodic functions; semigroup compactifications; minimally weakly almost periodic groups.
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Introduction
In [Joh 2], B. E. Johnson showed that a locally compact group G is amenable if and only if
its group algebra L1(G) has vanishing first order Hochschild cohomology with coefficients
in dual Banach L1(G)-bimodules. Consequently, he called a Banach algebra satisfying
this cohomological triviality condition amenable. Soon thereafter, Johnson gave a more
intrinsic characterization of the amenable Banach algebras in terms of approximate and
virtual diagonals ([Joh 3]).
For some classes of Banach algebras, amenability in the sense of [Joh 2] is too strong
to allow for the development of a rich theory: it follows from work by S. Wassermann
([Was 1]), for example, that a von Neumann algebra is amenable if and only if it is
subhomogeneous. This indicates that the definition of amenability should be modified
when it comes to dealing with von Neumann algebras.
A variant of Johnson’s definition that takes the dual space structure of a von Neumann
algebra into account was introduced in [J–K–R], but is most commonly associated with A.
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Connes’ paper [Con 1]. Following A. Ya. Helemski˘ı ([Hel]), we shall refer to this variant of
amenability as to Connes-amenability. As it turns out, Connes-amenability is equivalent
to several other important properties of von Neumann algebras, such as injectivity and
semidiscreteness ([B–P], [Con 1], [Con 2], [E–L], [Was 2]; see [Run 2, Chapter 6] for a
self-contained exposition). Like the amenable Banach algebras, the Connes-amenable
von Neumann algebras allow for an intrinsic characterization in terms of diagonal type
elements: a von Neumann algebra is Connes-amenable if and only if it has a normal,
virtual diagonal ([Eff]).
The notions of Connes-amenability and normal, virtual diagonals make sense not only
for von Neumann algebras, but for a larger class of Banach algebras called dual Banach
algebras in [Run 1]. Examples of dual Banach algebras, besides von Neumann algebras,
are — among others — the measure algebras M(G) of locally compact groups G. As for
von Neumann algebras, amenability in the sense of [Joh 2] turns out to be too restrictive
a concept for measure algebras: the algebra M(G) is amenable if and only if G is discrete
and amenable ([D–G–H]). In [Run 3], however, the author showed that M(G) is Connes-
amenable if and only if G is amenable, and in [Run 4], he also proved that these conditions
are also equivalent to M(G) having a normal, virtual diagonal.
It is not hard to see that any dual Banach algebra with a normal, virtual diagonal
must be Connes-amenable: as is observed in [C–G], the argument from [Eff] for von
Neumann algebras carries over almost verbatim. The converse, however, has been open
so far ([Run 2, Problem 23]).
Besides M(G) there are other dual Banach algebras associated with a locally compact
group G. One of them is WAP(G)∗, whereWAP(G) denotes the weakly almost periodic
functions on G. It is easy to see thatWAP(G)∗ is Connes-amenable if G is amenable; the
converse is also true, but not as straightforward ([Run 5]). If G is compact, WAP(G)∗ =
M(G) has a normal, virtual diagonal, and in [Run 5], the author made the — as will
become apparent: uneducated — guess that WAP(G)∗ has a normal, virtual diagonal if
and only if G is compact.
In the present paper, we shall confirm this conjecture for [SIN]-groups. Consequently,
whenever G is an amenable [SIN]-group that fails to be compact, the dual Banach algebra
WAP(G)∗ is Connes-amenable, but has no normal, virtual diagonal. On the other hand,
we shall see that WAP(G)∗ does indeed have a normal, virtual diagonal if G is amenable
and minimally weakly almost periodic in the sense of [Chou 1]. Since there are such groups
which fail to be compact, this shows that our conjecture from [Run 5] cannot be true in
the generality stated there.
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1 Connes-amenability and normal, virtual diagonals
This section is preliminary in character: we briefly recall the definition of a dual Banach
algebra along with the notions of Connes-amenability and of a normal, virtual diagonal.
Given a Banach algebra A and a Banach A-bimodule E, the dual space E∗ of E
becomes a Banach A-bimodule in its own right via
〈x, a · φ〉 := 〈x · a, φ〉 and 〈x, φ · a〉 := 〈a · x, φ〉 (a ∈ A, φ ∈ E∗, x ∈ E);
in particular, the dual space A∗ of A is a Banach A-bimodule. Modules of this kind are
referred to as dual Banach modules.
The following definition was introduced in [Run 1]:
Definition 1.1 A Banach algebra A is called a dual Banach algebra if there is a closed
submodule A∗ of A
∗ such that A = (A∗)
∗.
Remarks 1. Equivalently, a Banach algebra A is dual if it is a dual Banach space such
that multiplication is separately continuous in the w∗-topology.
2. In general, the predual space A∗ in Definition 1.1 need not be unique, but will always
be unambiguous from the context.
Examples 1. Every von Neumann algebra is a dual Banach algebra.
2. The measure algebra M(G) of a locally compact group G is a dual Banach algebra
(with predual C0(G)).
3. If E is a reflexive Banach space, then B(E) is a dual Banach algebra with predual
E⊗ˆE∗, where ⊗ˆ denotes the projective tensor product of Banach spaces.
4. The bidual of every Arens regular Banach algebra is a dual Banach algebra.
The following definition introduces a notion of amenability for dual Banach algebras
that takes the dual space structure into account:
Definition 1.2 Let A be a dual Banach algebra.
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(a) A dual Banach A-bimodule E is called normal if the maps
A→ E, a 7→
{
a · x,
x · a
are w∗-continuous for each x ∈ E.
(b) A is called Connes-amenable if every w∗-continuous derivation from A into a normal,
dual Banach A-bimodule is inner.
Remarks 1. For a von Neumann algebra, Connes-amenability is equivalent to a num-
ber of important properties, such as injectivity and semidiscreteness; see [Run 2,
Chapter 6] for a relatively self-contained account and for further references.
2. The measure algebra M(G) of a locally compact group G is Connes-amenable if and
only if G is amenable ([Run 3]).
Let A be a Banach algebra. Then A⊗ˆA is a Banach A-bimodule via
a · (x⊗ y) := ax⊗ y and (x⊗ y) · a := x⊗ ya (a, x, y ∈ A),
so that the multiplication map
∆: A⊗ˆA→ A, a⊗ b 7→ ab
becomes a homomorphism of Banach A-bimodules. Let A be a dual Banach algebra
with predual A∗, and let B
2
σ(A,C) denote the bounded, bilinear functionals on A × A
which are separately w∗-continuous, which form a closed submodule of (A⊗ˆA)∗. Since
∆∗ maps A∗ into B
2
σ(A,C), it follows that ∆
∗∗ drops to an A-bimodule homomorphism
∆σ : B
2
σ(A,C)
∗ → A.
We define:
Definition 1.3 A normal, virtual diagonal for a dual Banach algebra A is an element
M ∈ B2σ(A,C)
∗ such that
a ·M = M · a and a∆σM = a (a ∈ A).
Remarks 1. Every dual Banach algebra with a normal, virtual diagonal is Connes-
amenable ([C–G], but actually already [Eff]).
2. A von Neumann algebra is Connes-amenable if and only if it has a normal, virtual
diagonal ([Eff]).
3. The same is true for the measure algebras of locally compact groups ([Run 3] and
[Run 4]).
As we shall see in this paper, there are Connes-amenable, dual Banach algebras which
do not have a normal, virtual diagonal.
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2 The Banach algebra WAP(G)∗ and the semigroup GWAP
By a semitopological semigroup, we mean a semigroup S equipped with a Hausdorff
topology such that multiplication is separately continuous. If S is locally compact, the
measure space M(S) ∼= C0(S)
∗ can be turned into a Banach algebra via
〈f, µ ∗ ν〉 :=
∫
S
∫
S
f(st) dµ(s) dν(t) (µ, ν ∈M(S)). (1)
(Even though multiplication in S need not be jointly continuous, the product integral on
the right hand side of (1) does always exist and is independent of the order of integration;
see [Joh 1].) Note, that even though M(S) is a Banach algebra which is a dual Banach
space, it need not be a dual Banach algebra in the sense of Definition 1.1: this is due to
the fact that C0(S) need not be translation invariant. However, M(S) is a dual Banach
algebra if S is compact or a group.
Our first proposition is likely to be well known, but since we could not locate a refer-
ence, we include a proof:
Proposition 2.1 Let S be a locally compact, semitopological semigroup. Then the fol-
lowing are equivalent:
(i) S has an identity.
(ii) M(S) has an identity of norm one.
Proof (i) =⇒ (ii): If S has an identity element, say e, then the point mass δe is an identity
for M(S) and trivially has norm one.
(ii) =⇒ (i): Suppose that M(S) has an identity element, say ǫ, such that ‖ǫ‖ = 1; in
particular,
δs ∗ ǫ = δs = ǫ ∗ δs (s ∈ S) (2)
holds. It is straightforward that ǫ has to be an R-valued measure. Let ǫ+, ǫ− ∈ M(S)
be the Jordan decomposition of ǫ, i.e. positive measures such that ǫ = ǫ+ − ǫ− and
1 = ‖ǫ+‖ + ‖ǫ−‖. Fix s ∈ S. Then δs ∗ ǫ
+ and δs ∗ ǫ
− are positive measures such that
δs = δs ∗ ǫ
+ − δs ∗ ǫ
− and
‖δs‖ = 1 = ‖ǫ
+‖+ ‖ǫ−‖ ≥ ‖δs ∗ ǫ
+‖+ ‖δs ∗ ǫ
−‖ ≥ ‖δs ∗ ǫ‖ = ‖δs‖ = 1.
The uniqueness of the Jordan decomposition of δs thus yields that δs ∗ ǫ
+ = δs. Analo-
gously, one sees that ǫ+ ∗ δs = δs. Hence, (2) still holds true if we replace ǫ by ǫ
+.
We shall see that the existence of a positive measure ǫ ∈M(S) satisfying (2) already
necessitates S to have an identity.
5
Fix s ∈ S, and assume that there is t ∈ supp(ǫ) such that st 6= s. We may choose a
non-negative function f ∈ C0(S) such that f(s) = 0 and f(st) > 0. We obtain that
0 <
∫
S
f(st) dǫ(t) = 〈f, δs ∗ ǫ〉 = 〈f, δs〉 = f(s) = 0,
which is nonsense. Consequently, st = s holds for all t ∈ supp(ǫ); an analogous argument
shows that ts = s for all t ∈ supp(ǫ). Since s ∈ S was arbitrary, it follows that every
element of supp(ǫ) is an identity for S. ⊓⊔
Let S be any semitopological semigroup, and let f : S → C. For s ∈ S, we define the
left translate Lsf of f by s through
(Lsf)(t) := f(st) (t ∈ S).
Let Cb(S) denote the commutative C
∗-algebra of bounded, continuous functions on S.
Definition 2.2 Let S be a semitopological semigroup. A bounded, continuous function
f ∈ Cb(S) is called weakly almost periodic if {Lsf : s ∈ S} is relatively compact in the
weak topology on Cb(S).
For any semitopological semigroup S, let
WAP(S) := {f ∈ Cb(S) : f is weakly almost periodic}
Our reference for almost periodic functions is mostly [Bur]. It is easy to see thatWAP(S)
is a C∗-subalgebra of Cb(S) whose character space we denote by SWAP . It is clear, that
SWAP contains a canonical, dense image of S. The multiplication of S “extends” to SWAP ,
turning it into a compact, semitopological semigroup. For more on semigroup compacti-
fications, see [B–J–M]. The dual space WAP(S)∗ can be identified with M(SWAP ), and
thus, in particular, becomes a dual Banach algebra. For an alternative definition of the
multiplication on WAP(S)∗, see [Pat, (2.8) Corollary and (2.11) Proposition].
From now on, we shall only consider weakly almost periodic functions on locally com-
pact groups. If G is a locally compact group, C0(G) ⊂ WAP(G) holds and the canonical
map from G to GWAP is a homeomorphism onto its image ([Bur, Theorem 3.6]). It is
straightforward that GWAP \ G is a closed ideal of GWAP and thus, in particular, is a
compact, semitopological semigroup. Let π0 :WAP(G)
∗ →M(G) be the restriction map
from WAP(G)∗ onto C0(G)
∗. It is routinely checked that π0 is a w
∗-continuous algebra
homomorphism. Consequently, C0(G)
⊥ = kerπ0 is a w
∗-closed ideal in WAP(G)∗ that
can be identified, as a Banach algebra, with M(GWAP \G).
As a corollary of Proposition 2.1, we obtain:
Corollary 2.3 Let G be a locally compact group. Then the following are equivalent:
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(i) The ideal C0(G)
⊥ of WAP(G)∗ has an identity.
(ii) The ideal GWAP \G of GWAP has an identity.
Proof All that needs to be shown is that, if C0(G)
⊥ has an identity element ǫ, then
‖ǫ‖ = 1 must hold.
Denote the bimodule module action ofWAP(G)∗ onWAP(G) by ·. Let f ∈ WAP(G)
and observe that
|〈f, ǫ〉| ≤ sup{|〈Lxf, ǫ〉| : x ∈ G}
= sup{|〈f, δx ∗ ǫ〉| : x ∈ G}
= sup{|〈ǫ · f, δx〉| : x ∈ G}
= ‖ǫ · f‖. (3)
Since ǫ ∈ C0(G)
⊥, the left hand side of (3) only depends on the equivalence class f˜ of f
in WAP(G)/C0(G) ∼= C(GWAP \G). We thus obtain:∣∣∣〈f˜ , ǫ〉∣∣∣ ≤ ∥∥∥ǫ · f˜∥∥∥
= sup
{∣∣∣〈ǫ · f˜ , δs〉∣∣∣ : s ∈ GWAP \G}
= sup
{∣∣∣〈f˜ , δs ∗ ǫ〉∣∣∣ : s ∈ GWAP \G}
= sup
{∣∣∣〈f˜ , δs〉∣∣∣ : s ∈ GWAP \G}
=
∥∥∥f˜∥∥∥ .
Hence, ‖ǫ‖ ≤ 1 holds, which completes the proof. ⊓⊔
In view of Corollary 2.3, we now turn to the question of whether, for a locally compact
group G, the ideal GWAP \G can have an identity.
For any locally compact group G, let GLUC denote its LUC-compactification (see
[B–J–M]). There is a canonical quotient map π : GLUC → GWAP . An element s ∈ GLUC
is called a point of unicity if π−1({π(s)}) = {s}.
Recall that a locally compact group is called a [SIN]-group if its identity has a basis
of neighborhoods invariant under conjugation; all abelian, all compact, and all discrete
groups are [SIN]-groups.
The following is (mostly) [F–St, Theorem 1.4]:
Theorem 2.4 Let G be a non-compact [SIN]-group. Then GLUC \ G contains a dense
open subset X consisting of points of unicity with the following properties:
(i) π(X) is open in GWAP \G;
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(ii) X is invariant under multiplication with elements from G;
(iii) X has empty intersection with (GLUC \G)
2.
Remark Items (ii) and (iii) are not explicitly stated as a part of [F–St, Theorem 1.4], but
follow from an inspection of the proof.
The following consequence of Theorem 2.4 was pointed out to me by Dona Strauss:
Corollary 2.5 Let G be a non-compact [SIN]-group. Then the ideal GWAP \G does not
have an identity.
Proof Assume towards a contradiction that GWAP \G does have an identity, say e. Let
X be a set as specified in Theorem 2.4. Since π(X) is open in GWAP \ G, and since Ge
is dense in GWAP \G, it follows that Ge ∩ π(X) 6= ∅; from Theorem 2.4(ii), we conclude
that e ∈ π(X). Let p ∈ X be such that π(p) = e. Since π(p2) = e2 = e and since p
is a point of unicity, it follows that p2 = p. This, however, contradicts Theorem 2.4(iii).
⊓⊔
3 Normal, virtual diagonals for WAP(G)∗
Given a locally compact group G, let SC(GWAP ×GWAP) denote the bounded, separately
continuous functions onGWAP×GWAP . The space SC(GWAP×GWAP) can be canonically
identified with B2σ(WAP(G)
∗,C) ([Run 3, Proposition 2.5]). In terms of SC(GWAP ×
GWAP ), the bimodule action of WAP(G)
∗ on B2σ(WAP(G)
∗,C) is given by
(µ · f)(s, t) :=
∫
GWAP
f(s, tr) dµ(r) (s, t ∈ GWAP )
and
(f · µ)(s, t) :=
∫
GWAP
f(rs, t) dµ(r) (s, t ∈ GWAP )
for f ∈ SC(GWAP × GWAP) and µ ∈ WAP(G)
∗ (this is seen as in [Run 3, Proposition
3.1]).
The verification of our first lemma in this section is routine:
Lemma 3.1 Let G be a locally compact group, and let
I := {f ∈ SC(GWAP ×GWAP) : f(s, ·) ∈ C0(G) for all s ∈ GWAP} . (4)
Then:
(i) SC(GWAP × GWAP), equipped with the supremum norm, is a commutative C
∗-
algebra with identity;
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(ii) I is a closed ideal and a WAP(G)∗-submodule of SC(GWAP ×GWAP ).
Let A be a C∗-algebra, and let I be a closed ideal of A. As is well known, the second
dual A∗∗ is a von Neumann algebra — the enveloping von Neumann algebra of A —
containing I∗∗ as a w∗∗ closed ideal. The identity P of I∗∗ is a central projection in A∗∗
such that I∗∗ = PA∗∗.
We make use of these facts in the case where A = SC(GWAP × GWAP ) for a locally
compact group G and I is as in (4).
Lemma 3.2 Let G be a locally compact group, let I be as in (4), and let P ∈ SC(GWAP×
GWAP )
∗∗ be the identity of I∗∗. Then P · δs = P holds for all s ∈ GWAP .
Proof For convenience, set A := SC(GWAP × GWAP), and let Ω be the character space
of A, so that A ∼= C(Ω) via the Gelfand transform. Through point evaluation, Ω contains
a dense copy GWAP × GWAP . (Since functions in A are only separately continuous on
GWAP ×GWAP , the canonical map from GWAP ×GWAP into Ω need not be continuous.)
Since I is a closed ideal of A, there is an open subset U of Ω such that I ∼= C0(U). Point
evaluation maps GWAP ×G onto a dense subset of U .
We claim that U is dense in Ω. Since GWAP × GWAP is dense in Ω, it is sufficient
to show that each point in GWAP × GWAP can be approximated by a net from U . Fix
(s, t) ∈ GWAP ×GWAP , and let f ∈ A. Since G is dense in GWAP , there is a net (xα)α
in G such that xα → t; since f(s, ·) is continuous, we have f(s, xα) → f(s, t); and since
f ∈ A is arbitrary, this yields that (s, xα)→ (s, t) in Ω.
Since U is dense in Ω, the ideal I is essential in A, i.e. the only f ∈ A such that
fI = {0} is f = 0. By the universal property of the multiplier algebra, A thus canonically
embeds into M(I) ∼= Cb(U), the multiplier algebra of I, which, in turn, can be identified
with the idealizer of I in I∗∗: {F ∈ I∗∗ : FI ⊂ I} (for all this, see [Ped], for instance).
All in all, we have a canonical, injective ∗-homomorphism θ : C(Ω) → I∗∗ with
θ(C(Ω)) ⊂M(I), which is routinely seen to satisfy
θ(f · δs) = θ(f) · δs (f ∈ A, s ∈ GWAP )
(just test both sides against points in GWAP × G). Since clearly θ(1) = P , we finally
obtain that
P · δs = θ(1) · δs = θ(1 · δs) = θ(1) = P (s ∈ GWAP).
This completes the proof. ⊓⊔
Since SC(GWAP ×GWAP)
∗∗ is a von Neumann algebra for any locally compact group
G, the canonical bimodule action of the commutative C∗-algebra SC(GWAP ×GWAP ) on
its dual extends to a bimodule action of SC(GWAP×GWAP )
∗∗ on its predual SC(GWAP×
GWAP )
∗. We denote this module action by mere juxtaposition.
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Lemma 3.3 Let G be a locally compact group, let I be defined as in (4), and let P denote
the identity of I∗∗. Then
δs · (PN) = P (δs · N) (s ∈ GWAP ))
holds for all N ∈ B2σ(WAP(G)
∗,C)∗
Proof First note that
(fg) · δs = (f · δs)(g · δs) (s ∈ GWAP) (5)
for all f, g ∈ SC(GWAP ×GWAP ). By separate w
∗-continuity, it follows that (5) holds as
well for all f, g ∈ SC(GWAP ×GWAP )
∗∗.
Fix s ∈ GWAP and N ∈ B
2
σ(WAP(G)
∗,C)∗, and let f ∈ SC(GWAP × GWAP ). We
obtain:
〈f, δs · (PN)〉 = 〈f · δs, PN〉
= 〈(f · δs)P,N〉
= 〈(f · δs)(P · δs),N〉, by Lemma 3.2,
= 〈(fP ) · δs,N〉, by (5),
= 〈fP, δs ·N〉
= 〈f, P (δs · N)〉.
This proves the claim. ⊓⊔
Lemma 3.4 Let G be a locally compact group, such that WAP(G)∗ has a normal, virtual
diagonal, say M, let I be as in (4), and let P be the identity of I∗∗. Define
ρ :WAP(G)∗ →WAP(G)∗, µ 7→ ∆σ(P (M · µ)).
Then:
(i) C0(G)
⊥ is contained in ker ρ;
(ii) π0 ◦ ρ = π0 holds, where π0 :WAP(G)
∗ →M(G) is the canonical restriction map;
(iii) ρ(δs ∗ µ) = δs ∗ ρ(µ) for all s ∈ GWAP and µ ∈ WAP(G)
∗.
Proof (i): Let µ ∈ C0(G)
⊥. It follows that µ · f = 0 for each f ∈ I and, consequently,
that M · µ ∈ I⊥. Let F ∈ SC(GWAP ×GWAP)
∗∗, and note that FP ∈ I∗∗. Since
〈F,P (M · µ)〉 = 〈FP,M · µ〉 = 0,
we conclude that µ ∈ ker ρ.
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(ii): Fix µ ∈ WAP(G)∗ and f ∈ C0(G), and observe that
〈f, ρ(µ)〉 = 〈f,∆σ(P (M · µ))〉
= 〈∆∗f, P (M · µ)〉
= 〈(∆∗f)P,M · µ〉
= 〈∆∗f,M · µ〉, because ∆∗C0(G) ⊂ I,
= 〈f,∆σ(M · µ)〉
= 〈f, µ〉.
This proves the claim.
(iii): Fix µ ∈ WAP(G)∗ and s ∈ GWAP . We obtain:
ρ(δs ∗ µ) = ∆σ(P ((M · δs) · µ))
= ∆σ(P (δs · (M · µ))), by Definition 1.3,
= ∆σ(δs · (P (M · µ))), by Lemma 3.3,
= δs ∗∆σ(P (M · µ))
= δs ∗ ρ(µ).
This completes the proof. ⊓⊔
We can now prove the main result of this section (and of the whole paper):
Theorem 3.5 Let G be a non-compact [SIN]-group. Then WAP(G)∗ does not have a
normal, virtual diagonal.
Proof Assume towards a contradiction that WAP(G)∗ has a normal, virtual diagonal.
Let ρ : M(G) → WAP(G)∗ be as in Lemma 3.4, and define ǫ := δe − ρ(δe), where e is
the identity of G. By Lemma 3.4(ii), it is clear that ǫ ∈ C0(G)
⊥. Moreover, we have for
s ∈ GWAP \G that
δs ∗ ǫ = δs − δs ∗ ρ(δe)
= δs − ρ(δs ∗ δe), by Lemma 3.4(iii),
= δs, by Lemma 3.4(i).
Consequently, ǫ is a right identity for C0(G)
⊥.
For any f ∈ WAP(G), the function fˇ : G → C defined by letting fˇ(x) := f(x−1) for
x ∈ G lies also in WAP(G) ([Bur, Corollary 1.18]). Setting
〈f, µˇ〉 :=
〈
fˇ , µ
〉
(µ ∈ WAP(G)∗, f ∈ WAP(G)),
defines an anti-automorphism WAP(G)∗ ∋ µ 7→ µˇ of WAP(G)∗, which leaves C0(G)
⊥
invariant. Hence, ǫˇ is a left identity for C0(G)
⊥, so that C0(G)
⊥ has in fact an identity.
This, however, is not possible by Corollaries 2.3 and 2.5. ⊓⊔
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The following corollary confirms the guess made at the end of [Run 5] for [SIN]-groups:
Corollary 3.6 Consider the following statements about a [SIN]-group G:
(i) WAP(G)∗ has a normal, virtual diagonal.
(ii) G is compact.
(iii) G is amenable.
(iv) WAP(G)∗ is Connes-amenable.
Then
(i) ⇐⇒ (ii) =⇒ (iii) ⇐⇒ (iv).
Proof (i) =⇒ (ii) follows immediately from Theorem 3.5, and the converse is shown in
[Run 4] (for compact G, we have WAP(G)∗ =M(G)).
(ii) =⇒ (iii) is well known (see [Pat] or [Run 2, Chapter 1]).
(iii) ⇐⇒ (iv) is [Run 5, Proposition 4.11]. ⊓⊔
Consequently,WAP(G)∗ is a Connes-amenable dual Banach algebra without a normal,
virtual diagonal whenever G is an amenable, but not compact [SIN]-group: this includes
all non-compact, abelian, locally compact groups as well as all infinite, discrete, amenable
groups.
As a consequence of Corollary 3.6, we also obtain a characterization of those locally
compact groups G for which WAP(G)∗ is amenable (in the sense of [Joh 2]):
Corollary 3.7 The following are equivalent for a locally compact group G:
(i) WAP(G)∗ is amenable;
(ii) G is finite.
Proof Of course, only (i) =⇒ (ii) needs proof.
If WAP(G)∗ is amenable, so is its quotient M(G). By [D–G–H], this means that G
must be discrete. In particular, G is a [SIN]-group. SinceWAP(G)∗ is amenable, it must
have a normal, virtual diagonal, so that the discrete group G is also compact by Corollary
3.6. ⊓⊔
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4 Minimally weakly almost periodic groups
In view of Corollary 3.6, the conjecture (made in [Run 5]) is tempting that WAP(G)∗
has a normal, virtual diagonal only if G is compact. As we shall see in this final section,
this is wrong.
Recall that a continuous, bounded function f on a locally compact group G is called
almost periodic if {Lxf : x ∈ G} is relatively compact in the norm topology of Cb(G). Let
AP(G) := {f ∈ Cb(G) : f is almost periodic}.
Like WAP(G), the space AP(G) is a commutative C∗-algebra. Its character space, de-
noted by GAP , is a compact group that contains a dense, but generally not homeomorphic
image of G in a canonical manner. For more information, see [Bur] or [B–J–M], for ex-
ample.
The following definition is from [Chou 1]:
Definition 4.1 Let G be a locally compact group. Then G is called minimally weakly
almost periodic if WAP(G) = AP(G) + C0(G).
Remarks 1. Every compact group is trivially minimally weakly almost periodic. If
G is not compact, but weakly almost periodic, then the sum in Definition 4.1 is a
direct one.
2. The motion group RN⋊SO(N) is minimally weakly almost periodic (and amenable)
as is SL(2,R), which is not amenable (see [Chou 1]).
3. If G is minimally weakly almost periodic, the kernel of GWAP (see [Bur] for the
definition) must equal GWAP \ G. Hence, by Corollary 2.3, a non-compact [SIN]-
group cannot be minimally weakly almost periodic. (This follows also immediately
from the main result of [Chou 2]).
The verification of the following lemma is routine:
Lemma 4.2 Let A and B be dual Banach algebras each of which as a normal, virtual
diagonal. Then A⊕B has a normal, virtual diagonal.
It is now fairly straightforward to refute our “conjecture” from [Run 5]:
Proposition 4.3 Let G be a locally compact, minimally weakly almost periodic group.
Then the following are equivalent:
(i) G is amenable.
(ii) WAP(G)∗ has a normal, virtual diagonal.
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Proof (i) =⇒ (ii): Without loss of generality, suppose that G is not compact. Let πa :
WAP(G)∗ → AP(G)∗ and π0 : WAP(G)
∗ → M(G) be the respective restriction maps;
they are w∗-continuous algebra homomorphism. Since WAP(G) = AP(G) ⊕ C0(G), it
follows that πa ⊕ π0 : WAP(G)
∗ → AP(G)∗ ⊕M(G) is a w∗-continuous isomorphism.
Since G is amenable M(G) has a normal, virtual diagonal by [Run 4], and the same
is true for AP(G)∗ ∼= M(GAP ). From Lemma 4.2, we conclude that WAP(G)
∗ has a
normal, virtual diagonal.
(ii) =⇒ (i) follows immediately from [Run 5, Proposition 4.11]. ⊓⊔
Example The motion group group G := RN⋊SO(N) is minimally weakly almost periodic
and amenable, so that WAP(G)∗ has a normal, virtual diagonal even though G fails to
be compact.
In view of Proposition 4.3 and Corollary 3.6, the conjecture isn’t farfetched that
WAP(G)∗ has a normal, virtual diagonal if and only if G is amenable and minimally
weakly almost periodic.
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